Definitions. (A) Metric set.
A is a metric set if to each pair of its element a*, anthère corresponds a real, non-negative number p(#», a 3 ) which is independent of the order of the elements, zero if and only if a» = ay, and which satisfies p(a», a 3 )+p{a^ a&)^p (#», au) .
(B) Isometry. Metric sets A and B are isometric (indicated by A^B)
if there exists between them a 1-1 correspondence of elements, r, such that p{a,i, aj)=p (T(a,i) , T(a } )). The metric in A and B need not be the same, but in writing p(#,-, a 3 ) we shall understand that p is the metric for the set containing a t -and ay.
(C) Linear set. Linear, here, will mean a set isometric to a subset of the euclidean line.
(D) Bounded set. A metric set A is bounded if p(a»-, a 3 ) is equal to or less than some real number R for all couples in A. If there exists a couple a,-, ay, such that p(a iy a 3 ) =i?, the set assumes its bound.
(E) Modified Minkowski gauge. In the first quadrant of the cartesian plane let C' be a curve having nonzero intercepts. A curve C consisting of C' together with the segments of the x and y axes which C' intercepts will be called a modified Minkowski gauge if the following properties hold: (1) Cis a simply cbnnected, closed, convex curve; (2) if Pi(xi, yi)> P^{x 2l y%) are any two points in the first quadrant and the lines joining the origin to P\ and P 2 cut C in P{ and PI, respectively, then the relations x\^x^ and y%Sy% imply OPi/OPi ^OP 2 /OP 2 . It is easily shown, and we shall need to use, the fact that (1) and (2) imply that: (3) when x\<x 2 and yi<y 2 then OPi/OPi <OP 2 /OP 2 . In addition to (1) and (2) the gauge will be called symmetric if: (4) C is symmetric about the line y = x.
(F) Minkowski metrizations. Let A, with elements a», be any metric set. We use C to metrize A 2 as follows. To a pair of elements (a,-, ay), (a&, ai) (2) under (E) could be stated that when x^Soc 2 and y\Sy* then ||(*i, y x )\\ ^||(# 2 , y*)lilt can be shown that if C has properties (1) and (2) under (E) then A 2 will satisfy definition (-4) of a metric set. 2 Some condition similar to (2) is essential, for the metric defined this way with an ordinary Minkowski gauge permits examples in which -4 2 is not a metric set. Symmetry about y = x is not a necessary but a natural condition to assume in dealing with square sets. Since ||P|| =1 if and only if P lies on C, C is often referred to as a unit gauge. Various familiar metrics derive in a natural way from different choices of the gauge. (2) Let Pi, P 2 , P 3 , PA in A 2 be the points (â, à), (a*, a) (a*, a*), (a, a*) and Qj, Q 2 , Qs, Q* in B 2 have similar coordinates with "a" replaced by "ô." Let T(Pi) = Si = (u i9 vi), i = l, 2, 3, 4.
(3) The set {Si} is in some order the set {(?;}, i = l, 2, 3, 4. We prove this by showing each Ui and each Vi is 5 or &* as follows.
( ) both lie on y=x and this line cuts C' in only one point it follows that Mi = M 2 . Let M\ = M 2 = M. From symmetry of C the x and y intercepts of C' are equal and for simplicity we may take them as (ikf, 0) and (0, M). (This could always be done by a radial expansion or contraction of C that would change all distances in A 2 and B 2 by the same multiple.) With this condition it follows from (1) and (2) that p(P u P 2 )=p(P 2 , Pz)=p{P*, P 4 )=p(P 4 , Pi) = l.
From (3.1) and A
2^B2
we have 
. \\(M, M)\\ >1. Then if P(x, x)
is the gauge point on y=*x (that is, intersection of C' and y = x), we have 0<x<M. From (1) we have
From (3.3) and property (3) of the gauge C, one of the equalities in (3.5) and one in (3.6) must hold. To show that all four equalities must hold, suppose:
follows, using similar triangles, that the gauge point R' on the line joining O and R lies on the line x = x. Since the points P and (ikf, 0) are on C, the chord joining them must lie on or interior to C. Hence, R", the intersection of this chord with the radial line through R, must lie on or interior to C, which is impossible since OR">OR'.
This contradiction shows that if p(u\, Uz) = M then p(vi, v z ) = M. The four possibilities of one inequality holding in (3.5) and (3.6) lead to a similar contradiction, hence all four equalities hold. But from (1) that implies each Ui and each Vi t i = l, 2, 3, 4, is either 5 or b* and establishes (3). (4) If we think of Pi, P 3 and P 2 , P4 as diagonal pairs in A 2 and Qu Qz and ft, ft as diagonal pairs in B 2 it is clear, since there are six pairs in each set, that T must map at least one nondiagonal pair of the Pi s onto a nondiagonal pair of the ft's. The symmetry of C makes the argument the same in any case and we may suppose for définiteness that T{P X )^Q U P(P 2 ) = ft.
We define a mapping, S, of A onto B as follows. To any element ai in A there corresponds in A 2 the point P»(a,-f 0). Let P(P»)=Q tfr», &*), that is, label the first coordinate of the transformed point (5.7) The metrizing point corresponding to the couple ft, ft has its coordinates respectively equal to or greater than those for the point corresponding to the couple ft, ft. Hence, p(ft, ft) ^p(ft, ft). Similarly p(ft, ft)èp(ft, ft). These relations together with (5.6) imply p(ft, ft)=p(ft, ft) andp(ft, ft) =p(ft, ft). 2 ==5 2 and (5.7) we obtain p(<z, a*) = Mp(Pi, P t ) = Mp(ft, &) = Mp(ft, ft)=p(5, &<)• (5.9) Let a*, ay be any two elements in .4 with b it bj their transforms under 5. From (5.8) we have p(<x, ay)=p(5, &y) and p(â, a,-) =p(5, è,), and from the linearity of A and B it follows that pia^ a 3 ) =p(bi f bj). This last implies that if a^aj then bi^bj so the mapping cannot be many-to-one. Also 5 is not a mapping of A onto a part of B
